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Introduction

The name “P-space” was used in 1954 by L. Gillman and M.
Henriksen as an abbreviation for “pseudo-discrete space”, which
means a completely regular space X such that for every point x in
X , every continuous function X → R is constant on some
neighbourhood of x .

Proposition

A completely regular space X is pseudo-discrete if and only if the
intersection of a countable family of open subsets of X is open.

In 1972 A. K. Misra proposed consideration of T1-spaces satisfying
this condition: the intersection of a countable family of open
subsets is open and called them P-spaces.
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Dimensional types

Following M. Fréchet, if a space X can be embedded into a
space Y , then we write X ⊂h Y .

If X ⊂h Y and Y ⊂h X , then we write X =h Y and say that
X and Y have the same topological rank (K. Kuratowski) or
dimensional type (W. Sierpiński).

Theorem (W. D. Gillam, 2005)

The quasi-ordered set (P(Q),⊂h) contains neither an infinite
antichain, nor an infinite descending chain.
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Scattered spaces

A topological space is scattered if its every non-empty
subspace contains an isolated point.

If X is a topological space and α is an ordinal number, then
X (α) denotes the α-th derivative of X .

If X is a scattered space, then Cantor–Bendixson rank of X is
the least ordinal N(X ) such that the derivative X (N(X )) is
empty.

If X is a scattered P-space of cardinality ω1, then N(X ) < ω2.

Proposition

A scattered space of weight at most ω1 is of cardinality at most ω1.
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P-base at a point

A point of a regular P-space of weight ω1 has a base
{Vα : α < ω1} with the following properties:

V0 = X and sets Vα are closed-open,
Vβ ⊇ Vα for β < α < ω1,
Vα =

⋂
{Vβ : β < α} for a limit ordinal number α < ω1.

We will say that {Vα : α < ω1} is a P-base.

The sets Vα \ Vα+1 will be called slices.

There are exactly three, up to homeomorphism, P-spaces with
one accumulation point: the number of uncountable slices can
be 0, 1 or ω1, which corresponds to spaces denoted by i(2),
i(2)⊕D and J(2), respectively, where D is a discrete space of
cardinality ω1.
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Spaces J(α)

If J(α) is defined, then we assume that J(α + 1) is a P-space
with a P-base at a point x ∈ J(α + 1) such that its slices are
homeomorphic to the sum

⊕
ω1

J(α).

If β < ω2 is a limit ordinal, then we define
J(β) =

⊕
α<β J(α).

Proposition

If X is an elementary P-space of weight ω1 with
N(X ) = n < ω, then X ⊂h J(n).

If X is a scattered P-space of weight ω1 such that
N(X ) > 2n, then J(n + 1) ⊂h X .

The assumption N(X ) > 2n is optimal in the sense that spaces
i(4) and J(3) have incomparable dimensional types.
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Spaces i(2), i(3), . . .

If n < ω and the space i(n − 1) has been defined, we assume that
the space i(n) has the following properties:

i(n)(n−1) = {x} (hence N(i(n)) = n),

there is a P-base {Vα : α < ω1} at x such that each slice
Vα \ Vα+1 is homeomorphic to

⊕
ω i(n − 1).
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Embedding scattered P-spaces into ordinals

B. Knaster and K. Urbanik showed that a separable scattered
and metrizable space can be embedded in a sufficiently large
countable ordinal number.

R. Telgársky removed the assumption of separability from the
above result.

Theorem

Any scattered P-space of weight ω1 can be embedded into ω2.
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Elementary sets

A closed-open subset E of a P-space is elementary, whenever
N(E ) is a successor ordinal and E (N(E)−1) is a singleton.

Lemma

If X is a scattered P-space of weight ω1, then any open cover of X
can be refined by a partition consisting of elementary sets.

Spaces i(2) and J(2) have the following property of being
stable: in both cases, there is a P-base at the accumulation
point such that its slices are pairwise homeomorphic.

Although the space i(2)⊕ D has not such a P-base, its
accumulation point has a neighbourhood U such that U is
stable.

A stable P-space is determined by a single slice of its P-base.
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Proposition

For each n < ω, there exist only finitely many non-homeomorphic
stable sets with with rank n. Any elementary set with finite rank is
the sum of a family of stable sets.

Proof.

If {Vα : α < ω1} is a P-base at x in elementary set E with
rank n, then {Vα \ Vα+1 : α < ω1} is a cover of E \ {x}.
There is a partition R, which refines this cover and consists of
elementary sets.

Each slice Vα \ Vα+1 is the sum of stable sets with rank lower
than n.

Each stable set with rank lower than n appears in a slice
countably or uncountably many times and we can make it
uniform beginning at some α < ω1.

We can also assure that each stable set appears 0-, ω- or
ω1-many times in a slice Vγ \ Vγ+1, for γ > α.
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Theorem

Let (F ,⊂h) be an ordered set, where F is a family of scattered
P-spaces of weight ω1 with ranks ≤ n.
Then every antichain is finite and every strictly decreasing chain is
finite.

Proof.

Let F1, . . . ,Fm be all stable sets with rank not greater than n.

We know that a scattered P-space X can be partitioned into
stable sets, hence X =

⊕
κX1

F1 ⊕ . . .⊕
⊕

κXm
Fm, where

κXi 6 ω1.

Thus we have defined a function
X 7→ ϕ(X ) = (κX1 , . . . , κ

X
m) ∈ [0, ω1]m.

Observe that:

(1) ϕ(X ) 6 ϕ(Y )⇒ X ⊂h Y ;
(2) X ⊂h Y and Y 6⊂h X ⇒ ∃iκXi < κYi .

This takes us to the coordinate-wise ordered set [0, ω1]m. . .
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. . . where we can use the following variant of Bolzano–Weierstrass
theorem.

Proposition

If P is a well-ordered set, then any infinite subset of
coordinate-wise ordered Pm contains an infinite increasing
sequence.
In particular, any antichain and any decreasing sequence in Pm are
finite.
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Corollary

Let (F ,⊂h) be an ordered set, where F is a family of scattered
P-spaces of weight ω1 with finite Cantor–Bendixson rank.
Then every antichain, every strictly decreasing chain are finite.

Proof.

Fix an antichain A ⊆ F .

If X ,Y ∈ A, then 2N(X ) < N(Y ) is impossible, otherwise
X ⊂h J(N(X )) ⊂h Y .

Thus spaces in A have ranks bounded by some n < ω.

Suppose X1 ⊃h X2 ⊃h . . . is a strictly decreasing sequence of
scattered P-spaces with finite rank.

Then all spaces Xn have ranks not greater than N(X1).
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Scattered P-spaces with infinite rank

Proposition

If X is a scattered P-space such that N(X ) = ω, then X =h J(ω).

Proof.

Let X =
⋃
{Eγ : γ < ω1} be a partition such that each Eγ is

an elementary set.

For each n there exists γ such that N(Eγ) > 2n, hence
J(n) ⊂h Eγ .

Therefore J(ω) ⊂h X .

Since N(Eγ) < ω, we have Eγ ⊂h J(ω).

Because of J(ω) ∼=
⊕

ω1
J(ω), we get X ⊂h J(ω).
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Scattered P-spaces with infinite rank

Proposition

If Y is an elementary set of weight ω1 with Cantor–Bendixson rank
α + 1, then Y ⊂h J(α + 1).

Corollary

If X and Y are elementary sets with Cantor–Bendixson rank ω + 1,
both of the weight ω1, then X =h Y .

Proposition

If β ∈ Lim, then X ⊂h J(β) for each P-space X with N(X ) 6 β.

Theorem

If X is a scattered P-space of weight ω1 and Y is a crowded
P-space of weight ω1, then X ⊂h Y .
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Scattered P-spaces with infinite rank

Theorem

If β < ω1 is limit ordinal, then J(β) =h X for each P-space X with
N(X ) = β, and also J(β + n) ⊂h Z for each elementary set with
N(Z ) = β + 2n − 1 for n > 0.

Corollary

If β ∈ Lim and X is an elementary set with N(X ) = β + 1, then
J(β + 1) =h X .

Theorem

If β < ω1 is a limit ordinal, then the classes of regular P-spaces

{X : 0 < N(X ) 6 ω + 1} and {X : β < N(X ) 6 β + ω + 1}

are ⊂h-isomorphic.

Proof.

Consider a transformation X 7→ ψ(X ) = X (λ) restricted to Pλ. If
X ⊂h Y , then ψ(X ) = X (λ) ⊂h Y (λ) = ψ(Y ). Indeed, if
f : X → Y is an embedding, then f |X (λ) : X (λ) → Y (λ) is also an
embedding.
If Y ∈ Pλ, using Corollary 3, check that there exists X ∈ Pλ such
that X =h Y and X (λ+1) =

⊕
ω1

J(λ+ 1). Thus, if X (λ) ⊂h Y (λ),
then replacing isolated points in X and Y by J(λ+ 1), we get
X ⊂h Y .

Thus, expand Theorem 3.

Corollary

Let (F ,⊂h) be an ordered set, where F is a family of scattered
P-spaces of weight ω1 with countable Cantor–Bendixson ranks.
Then every antichain is finite and every strictly decreasing chain is
finite.

Proof.

Assume that A is an antichain in (F ,⊂h) and X ∈ A, and
N(X ) = λ+ n, where λ ∈ Lim and n < ω. By Theorem 5 and
Proposition 8, if Y ∈ A, then N(Y ) = λ+ m, where m < ω. By
Theorems 3 and 6, the family A has to be finite.
Analogously, we proceed in the case A is a decreasing chain.

Summarising considerations so far, let us compare cardinal
characteristics of some classes of dimensional types with classes of
non-homeomorphic spaces. Namely, if λ < ω1, then there is only
countably many dimensional types of P-spaces with
Cantor–Bendixson ranks ≤ λ. Therefore, there is exactly ω1-many
dimensional types of P-spaces with countable Cantor–Bendixson
ranks. However, if ω < λ < ω1, then there are continuum many
non-homeomorphic P-spaces X with N(X ) = λ. But there exists
2ω1-many non-homeomorphic P-spaces X with N(X ) = ω1.
Indeed, for each A ⊆ λ, let X ⊆ ω2 be a P-space such that

X (α) \ X (α+1) =h

{⊕
ω1

i(2), if α ∈ A,⊕
ω1

J(2), if α /∈ A.

Clearly, different subsets of λ are assigned to non-homeomorphic
P-spaces. Hence, if λ < ω1, then we have continuum many
non-homeomorphic scattered P-spaces, but if λ = ω1, then there
exists 2ω1-many non-homeomorphic P-spaces, which are contained
in ω2.
Examination of P-spaces with uncountable Cantor–Bendixson
ranks requires new tools, since Corollaries 2 and 3 do not have
counterparts, despite the fact that there is only one dimensional
type of a P-space X with N(X ) = ω1, namely, X =h J(ω1).
We have already shown that there is only one sensible way of
defining an elementary set with Cantor–Bendixson rank β + 1 for
β ∈ Lim, since any two such elementary sets have the same
dimensional type by Corollary 3. This is not the case for
elementary sets with Cantor–Bendixson rank > ω1. Namely, let
Y (ω1) be an elementary set such that Y (ω1)(ω1) = {g} and each
slice Vα \ Vα+1 = J(α).

Proposition

If X is a P-space of the weight ω1 such that |X (ω1)| = 1, then
X =h Y (ω1) or X =h J(ω1 + 1), or X =h Y (ω1)⊕ J(ω1).

Proof.

Let X (ω1) = {x}. Let {Vα : α < ω1} be a P-base at the point
x ∈ X such that each slice Vα \ Vα+1 has Cantor–Bendixson rank
< ω1. By Proposition 8, for any slice Vα \Vα+1 there exists γ < ω1

such that Vα \ Vα+1 ⊂h J(γ). Therefore we have X ⊂h Y (ω1), by
Lemma ??. By Theorem 5, for any γ < ω1 there exists α < ω1

such that J(γ) ⊂h Vα \ Vα+1, therefore we get X =h Y (ω1).
Let X (ω1) = {x}. Let {Vα : α < ω1} be a P-base at the point
x ∈ X such that each slice Vα \ Vα+1 has Cantor–Bendixson rank
ω1. By Proposition 7, X ⊂h J(ω1 + 1). Also,

Vα \ Vα+1 =h

⊕
β<ω1

J(β) = J(ω1),

for each α < ω1. Therefore X =h J(ω1 + 1).
Now, assume that X (ω1) = {x}. By Lemma 1, X is the sum of an
elementary set Z and a family of elementary sets {Eµ : µ < ω1},
where N(Z ) = N(X ) and N(Eµ) ≤ ω1. If Z =h J(ω1 + 1), then
X =h J(ω1 + 1). If Z =h Y (ω1) and

⊕
{Eµ : µ < ω1} ∼= J(ω1),

then X =h Y (ω1)⊕ J(ω1). But if N(
⊕
{Eµ : µ < ω1}) < ω1, then

X =h Y (ω1).

One can readily check that

J(ω1) ⊂h Y (ω1) ⊂h Y (ω1)⊕ J(ω1) ⊂h J(ω1 + 1)

and no two of these four spaces have the same dimensional type.
If α = ω1 + ω1 + 1, then the family of all elementary sets with
Cantor–Bendixson rank α is essentially bigger. Namely, let
XA,XB ,XC ,XD be P-spaces with Cantor–Bendixson rank α and
such that

X
(ω1+1)
A

∼= Y (ω1) and XA \ X
(ω1+1)
A =

⊕
ω1

Y (ω1);

X
(ω1+1)
B

∼= Y (ω1) and XB \ X
(ω1+1)
B =

⊕
ω1

J(ω1 + 1);

X
(ω1+1)
C

∼= J(ω1 + 1) and XC \ X
(ω1+1)
C =

⊕
ω1

Y (ω1);

X
(ω1+1)
D

∼= J(ω1 + 1) and XD \ X
(ω1+1)
D =

⊕
ω1

J(ω1 + 1).

We leave to the reader to check that spaces XA,XB ,XC ,XD and
spaces XA ⊕ J(ω1 + ω1),XB ⊕ J(ω1 + ω1),XC ⊕ J(ω1 + ω1) are
elementary with Cantor–Bendixson rank α and different
dimensional types.
As it has been noted earlier, the readers would easily conclude
results concerning scattered separable metric spaces mimicking our
argumentation. The same can be said about the so-called
ωµ-additive spaces, introduced by R. Sikorski [14], compare [10, p.
1]. Indeed, consider the family of all scattered ωµ-additive spaces
of weight ωµ. Replacing ω1 by ωµ, one can adapt our results to
this family.
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York-London; Państwowe Wydawnictwo Naukowe, Warsaw
(1966).

D. J. Lutzer, On generalized ordered spaces. Dissertationes
Math. (Rozprawy Mat.) 89 (1971), 32 pp.

A. K. Misra, A topological view of P-spaces. General Topology
and Appl. 2 (1972), 349–362.
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